This paper studies a class of nonlinear fourth-order Schrödinger equations. By constructing a variational problem and the so-called invariant of some sets, we get global existence and nonexistence of the solutions.
Introduction
This paper concerns the initial value problems for the nonlinear fourth-order Schrödinger equations where p is an integer and p ≥ , = ∇ α ∇ α , α = , . . . , n, n = , , .
Pausader [] established the global well-posedness for the energy critical fourth-order Schrödinger equation 
where μ = ±, in critical H s c space and in particular, for some s c ≤  by Fourier restriction theory and Strichartz-type estimates, but the sharp conditions of the global existence and blow up for the problem by potential well theory is still not considered for μ = . In this paper we try to solve this problem by a concavity method and potential well theory. Recently, the concavity method and potential well theory were applied by Shen et al.
[] to study the initial boundary value problem for fourth-order wave equations with nonlinear strain and source terms at high energy level. For other related results, we refer the reader to [-]. The plan of this paper is as follows. In the second section, we state some propositions, lemmas, and definitions and prove some invariant sets. In the third section, we state the sharp condition for the global existence and nonexistence of problem (.). Throughout this paper, the
Preliminaries
For problem (.), we define the energy space in the course of nature by
Then there exists a unique solution u of the Cauchy problem (.) in C([, T]; H) for some T ∈ (, ∞] (maximal existence time). Furthermore, we can get alternatives: T = ∞ or T < ∞ and
Moreover, u satisfies
From [, ], we can get the following lemma.
Furthermore, we consider the following steady-state equation:
For any solution of (.), we define the following functionals:
and we define the set
Now, we study the following constrained variational problem:
By a similar argument to [], we get the following lemmas.
Lemma . Solution of (.) belongs to M.
Proof Let ϕ(x) be a solution of steady-state equation (.). Then we get
from which
Hence ϕ ∈ M.
Proof By (.) and (.), on M we get
Combined with (.), we obtain the conclusion.
Lemma . Let ϕ ∈ H, λ > , and ϕ λ (x) = λϕ(x). Then there exists a unique λ * >  (depend-
Proof From ϕ λ = λϕ, (.) and (.), we have
Furthermore, there exists a unique positive constant λ * >  (depending on ϕ) such that I(ϕ λ * ) =  and we can easily see that
we obtain
This completes the proof of the lemma.
Now we discuss the invariant sets of solution for problem (.).

Theorem . Let
V = ϕ ∈ H \ {}|P(ϕ) < d, I(ϕ) <  . (  .   )
If u  ∈ V , then the solution u(x, t) of problem (.) also belongs to V for any t in the interval [, T).
Notice that on the basis of Theorem . one says that V is an invariant set of problem (.).
Proof Let u  ∈ V . By Proposition . there exists a unique u(x, t) ∈ C([, T); H) with T < ∞ such that u(x, t) is a solution of problem (.). As (.) shows,
It means that P(u  ) < d is equivalent to P(u) < d for any t ∈ [, T).
If u  ∈ V , then we have u ∈ V for t ∈ [, T). Indeed, if it was false, there exists a first time t  ∈ (, T) such that I(u(x, t  )) = . By (.), (.), and , t) ) < . In other words, u(x, t) ∈ V for any t ∈ [, T). So, V is an invariant manifold of (.).
By a proof similar to that of Theorem ., we can obtain the following theorem.
Then W is an invariant set of problem (.).
The conditions for global well-posedness
From Proposition . and (.), we know that u globally exists on t ∈ [, ∞). Let u  = . From (.), we have u = , which shows that u is a trivial solution of problem (.).
Lemma . Assume that ϕ ∈ H and λ
Proof From the proof of Lemma . we know
Notice that I(ϕ λ * ) =  requires
Observe that ϕ = ϕ λ * = and I(ϕ) = a -b, using (.), we get
and the result of Lemma . is obtained from (.) since λ * <  and  < p <  n- . Lemma . is proved.
Theorem . (Blow up in finite time
Then we obtain
Since I(u) < , we know from Lemma . that λ * < . Because
By Lemma ., we get
By (.), (.), and E() < d, it follows that
where c  is a positive constant. Furthermore, we can get
Hence there exists a t  ≥ , such that J (t) < J () <  for t > t  and J(t) < J (t  )(t -t  ) + J(t  ), t  < t < T, (  .   )
since J() >  (by I(u  ) < ). From (.), we know that there exists a T  >  such that J(t) >  for t ∈ [, T  ), 
